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Base Pressure of a Projectile Within the
Transonic Flight Regime

W. L. Chow*
University of Illinois at Urbana-Champaign, Urbana, Illinois

An equivalent body concept is developed to examine the base pressure problem of a transonic flow past a
blunt-based projectile. The inviscid flow is established by finite difference computations of the axisymmetric
potential equation. All viscous flow processes are treated through integral formulations. The strong viscid-
inviscid interaction is clearly illustrated from the method of approach to the problem. A definition of the base
pressure that is compatible with that for the supersonic flow regime has been developed for the transonic flow
regime. An analysis of the asymptotic far-wake condition relates a needed parameter to the total drag ex-
perienced by the projectile. Results are obtained for transonic (both subsonic and supersonic) approaching flow
conditions and are also compared with the available experimental data. Extension to cases with small angles of
incidence is also discussed.
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Nomenclature
coefficient functions
total drag force, total drag coefficient of the
projectile
height of reverse flow
pressure
equivalent body radius for inviscid flow
analysis
radial coordinate of the dividing streamline
radial location of the edge of the viscous
layer
base radius of the projectile
velocity slope parameter for the recom-
pression region [see Eq. (4a)]
velocity component in z, r coordinate system
z coordinates for the jet mixing process
whose origin is located at the base
cylindrical coordinates
z location where the equivalent body radius
reaches 6Jsy
displacement thickness of the shear layer
thickness of the viscous layer above the
dividing streamline in the mixing and
recompression regions, =Re — Rd
thickness of the forward-flowing viscous
layer below the dividing streamline in the
mixing and recompression regions,
Rd-hb
thickness of viscous layer in the
redevelopment region
eddy diffusivity along the dividing streamline
dimensionless radial coordinate for the shear
layer above the dividing streamline,
(r-Rd)/5a
dimensional radial coordinate for the reverse
flow region, r/hb
dimensional radial coordinate for the for-
ward flowing shear layer below the dividing
streamline, (r—Rd + d b ) / d b
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p — density
7 - shear stress
</> = dimensionless velocity, u/ue

Subscripts

asy = far-wake condition
b = reverse flow
cyl = cylinder
d = dividing streamline
e = edge of the viscous layer
G = projectile base (see Fig. 2)
m = end of the mixing region (also, beginning

of recompression region)
og = ogive
R = point of reattachment
w = wake flow in the region of flow

redevelopment
oo = approaching flow condition

Introduction

DESPITE the prevailing popularity of solving fluid
dynamic problems through large-scale numerical

computations of the Navier-Stokes equation, study of the
base pressure problem from the conventional approach
provides a unique opportunity to illustrate vividly the flow
mechanisms governing the phenomenon of these problems. It
is well known that the viscous flow plays a role as important
as the external inviscid flow in the establishment of the overall
flow pattern. This feature has been classified as a strong
viscid-inviscid interaction. Since the viscous flow is always
located along the edge of the inviscid flow region, the viscous
flow is thus guided by the inviscid flow in the sense of the
boundary-layer concept. On the other hand, in direct
association with the inviscid flowfield, the geometry of the
wake as well as the pressure level and distribution within the
wake are dependent upon the viscous flow processes of jet
mixing, recompression, reattachment, and redevelopment
behind the base. This mutual dependency between the inviscid
and viscous flows was pointed out by Crocco and Lees.1

Much work on base pressure has been carried out since that
time.2"16 It should be noted that all of these investigations
were restricted to problems with supersonic external streams.
Other than the limited few exceptions,15'16 none of these
analyses considered the process of redevelopment after
reattachment.
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In a more detailed examination of the recompression-
reattachment process of a turbulent free shear layer,14 it was
learned that this same integral analysis can be applied to study
the base pressure problems in any other flow regime. An
examination of base pressure problems of incompressible
wedge flow was later carried out. 17~19 The elliptic inviscid flow
is established from conformal mapping. The viscous flow was
guided by the established inviscid flow, while the charac-
teristic parameters describing the inviscid flow were deter-
mined from viscous flow processes. This analysis also led to
the study of the base pressure problem for the transonic flow
past a backward-facing step in the two-dimensional and
axisymmetric configurations.20"23 Indeed, since the pressure
field is established from the inviscid flow, it would be ap-
propriate to simulate the pressure field on the basis of an
"equivalent body." The solution of the transonic inviscid
flow was established from the finite difference computations
of the potential equation. It was learned that the point of
reattachment behaved as a saddle-point singularity of the
system of equations describing the isoenergetic viscous flow
recompression. Furthermore, the pressure at the step cannot
be taken as the base pressure within the transonic flow regime.
It is obvious that the step pressure coefficient increases
toward zero as the freestream Mach number increases toward
unity; meanwhile, the base pressure coefficient decreases
toward more negative values. It was also learned that studies
carried out up to this point constituted only the first ap-
proximation to the problem since the resulting equivalent
body established from the viscous flow analysis was not yet
compatible with the equivalent body selected to establish the
inviscid flow.

Additional studies have been carried out on the transonic
base pressure problem. Specifically the base pressure of a six-
caliber secant-ogive-cylinder projectile immersed in a tran-
sonic flow has been examined. The flow condition on the
forebody, including the attached turbulent boundary together
with the processes of mixing, recompression, reattachment,
and redevelopment behind the base, must be included in the
considerations. It will be shown that the equivalent body for
this problem can be described with two characteristic
parameters. It will also be demonstrated that the point of
reattachment is a saddle-point singularity for the system of
equations describing the viscous flow recompression. Con-
tinued computation after reattachment will reveal that the
fully developed wake flow state is also a saddle-point
singularity of the system of equations describing the viscous
flow redevelopment. However, with additional analysis of the
asymptotic state of fully developed flow, one parameter can
be directly related to the total drag of the body, and the
problem can be reduced to a problem of Reynolds number
matching from the analysis of recompression. Extension to
the case of flow with a small angle of attack will also be
suggested and discussed.

Analytical Considerations
For external flow past a body, the surface pressure

distribution is the item of utmost concern which supplies the
basic information for the lift-drag calculations. Inasmuch as
the boundary-layer concept is applicable, the pressure
distribution is determined entirely from the inviscid flow
geometry. For the present problem of flow past a projectile,
the equivalent body geometry must be established before any
viscous flow processes can be examined and studied.

The Equivalent Body
For transonic flow past a projectile, whose typical con-

figuration is shown in Fig. 1, it is expected that after the flow
separates from the base, usually a turbulent jet mixing process
occurs along the wake boundary. The dividing streamline is
thus energized, preparing itself for the subsequent recom-
pression and reattachment at the end of the near wake. After

reattachment, additional compression of the shear layer
occurs in the early part of the redevelopment before the
pressure field decays toward that of the freestream. Based on
the displacement concept of the boundary layer, the
equivalent inviscid body boundary would be located away
from the viscous dividing streamline by a distance of the
displacement thickness 5* of the viscous layer above the
dividing streamline. This reasoning leads to the specification
of the equivalent body Rb (z) for the present problem by

where A= (z-zc)/(zR-zG)f

for ZR<Z

(Id)

(le)

The schematic sketch of the equivalent body of projectile is
shown in Fig. 2. It will be recognized that the parameters
characterizing the equivalent body geometry are ZR and <5*sy
for this specific projectile. It is also worthwhile to note that A
varies from zero to unity when z is between points G and R
and the second power employed in Eq. (Id) assures the slope
continuity of the profile at the base. Futhermore, it can be
shown that under the far-wake condition, the displacement
thickness of the viscous layer approaches a finite value even
when the viscous layer thickness approaches infinity at far
downstream locations.

The Inviscid Flowfield
Once the equivalent body is specified for a transonic ap-

proach flow Mach number, the inviscid flow is established
from relaxative finite difference calculations of the full
potential equation. In fact, it follows precisely a procedure
described in the study of transonic flow past a boattailed
afterbody.24'25 That procedure is discussed briefly herein. At
first, a transformation is introduced to transform the infinite
physical region of concern into a finite region of com-
putation. A specific finite difference form of the transformed
potential equation is written which depends upon whether the
flow is locally supersonic or subsonic. A row of grid points is
added below the body surface so that the tangent flow con-
dition on the surface can be obeyed. When the finite dif-
ference equations are written for all grid points at a certain
streamwise location, a tridiagonal system of equations is
obtained. Values of the potential function are found by
solving the system of equations. This new information is
immediately employed to update the corresponding value of
the grid below the body surface in satisfying the local
boundary condition. This procedure is then repeated for the
next streamwise location. This line-by-line sweeping of the
computational plane from upstream toward downstream
directions is carried out until the change in the value of the
potential function is less than an arbitrarily small number for
all grid points throughout the domain of computation. A
convergent solution of the potential function is obtained. In
the midst of computations of the potential function, the
turbulent boundary-layer growth with the prevalent pressure
gradient on the body surface has also been estimated from an
integral approach. The equivalent body geometry is
correspondingly modified to account for the displacement
effect of this turbulent boundary-layer growth. Thus the
boundary-layer, momentum, and displacement thicknesses of
the viscous layer at the base are known as soon as the inviscid
flowfield is established.
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Turbulent Jet Mixing, Recompression, and Reattachment
The integral analysis of these flow processes precisely

follows the early study of a flow past a backward-facing
step.23 Only a brief description of these considerations is
given here. Again, an isoenergetic flow condition is assumed
throughout all viscous flow regions.

Immediately behind the base, a turbulent jet mixing process
occurs along the jet boundary. As one will observe later, the
pressure also decreases significantly along the path of mixing
in the transonic regime. Nevertheless, the mixing process can
be treated on the basis of a quasi-constant pressure analysis.26

At each location, the velocity profile is derived from a local
constant pressure calculation with the same initial boundary-
layer profile. A linear velocity profile with the local slope
given by

oup (2a)

is assumed, which is the inflection-point slope of an error-
function mixing profile. The eddy diffusivity e for this region
is given by

e=(l/4v2)xue (2b)

where x is the distance along the path of mixing measured
from the origin of mixing, ue the local freestream velocity,
and a, the spread-rate parameter for the turbulent mixing
process, assumes the value of 12 throughout this series of
study. The turbulent boundary layer at the step provides the
initial condition. The dividing streamline velocity, the shear
layer thicknesses above and below the dividing streamline, as
well as the shear stress along the dividing streamline can be
determined at each section along the mixing region. This
mixing analysis is carried out until the section of lowest
pressure along the wake is reached. The flow properties here
also provide the initial conditions for the subsequent
recompression process.

Prior to consideration of recompression, an average base
pressure can be determined from the momentum principle.
One observes from Fig. 3 that the momentum principle, when
applied between the base and section m, the end of the mixing
region, readily yields

Pd2irrdr+irR2
dmPm

r!m p
- \ Td2irrdz + \Jo J

2irrpu2dr+ \
Jo

2irrpu2dr (3)

where the forward flow momentum is evaluated from the
linear mixing profile and the backward flow momentum is
evaluated from the reverse flow velocity profile for the
following recompression process. An average base pressure
ratio, P^/POO, may be solved from the above equation. In
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Fig. 1 A six-caliber secant-ogive-cylinder projectile.

supersonic external flows, there is practically no pressure
variation prior to recompression. Under this condition, the
shear stress integral in Eq. (3) balances with the forward flow
momentum, and the backward flow momentum is usually
negligible. Thus, the base pressure from Eq. (3) would be
equal to the uniform pressure prevailing within the wake for
the supersonic flow condition. In transonic flow, the pressure
variation immediately behind the base is so severe that the
above expression is needed to give a more realistic estimation
of the average base pressure and base drag.

Recompression essentially follows that which has been
developed previously.23 At each section the dimensionless
velocity of the flow has a profile of

(4a)

(4b)

below the dividing streamline for the forward wake flow, and
a cosine profile of

(4c)

above the dividing streamline, a linear profile of

for the reverse wake flow, where

A
<Pd = —— >Up

f f = :

r
hb

(4d)

The slope parameter s in Eq. (4a) is linearly coupled to <t>d9
and the proportional constant is evaluated at the initial
section of the recompression region. This manipulation
assures the fact that both 4>d and s vanish together at the
section of reattachment. A locally triangular geometry is also
assumed for the wake flow so that the wake centerline which
divides the forward and reverse flow also shall pass through
the point of reattachment as it should.

A system of five ordinary differential equations is obtained
to describe the process of recompression. They are given by

dR dRd d<t>d dhb d4>b

(5)
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Fig. 2 Equivalent body configuration.
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Fig. 3 Average base pressure defined from the momentum principle.
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The first two equations are obtained from the continuity
principle for the viscous layers above and below the dividing
streamline, respectively. The next two were the momentum
relations for the two layers, and the last was derived from the
condition of local triangular wake geometry. Coefficients Ait
B i f . . . t G j (see Ref. 23 for expressions of these functions) are
complicated functions of flow properties and conditions.
Equation (5) describes the variation of the locations of the
edge of shear layer ReJ the dividing streamline Rd, and its
velocity ud, together with the reverse flow height hb and
velocity ub throughout the recompression region. Ce is the
Crocco number of the adjacent freestream which is related to
the Mach number Me by

r2-^e ~
M2

P

[2/(y-l)]+M2
e

(6)

The turbulent shear stress along the dividing streamline,
which appears in terms G3 and G4, is evaluated through an
eddy diffusivity which is related to that at the initial section of
recompression by

_ _

dam
(7)

where da refers to the shear layer thickness above the dividing
streamline, and xr refers to the distance along the recom-
pression region. Perhaps it is worthwhile to note that with an
integral analysis for the turbulent mixing and recompression
process, only the empirical information of the eddy diffusivity
along the dividing streamline is needed throughout these
regions.

The right-hand side of Eq. (5) contains the pressure
gradient term which is implicitly linked with the spread of the
viscous layer into the already established inviscid flow region.
Iterative solution procedures must be relied upon at each step
of the numerical integration if accurate results are expected.

It was learned from the recompression calculation that by
integrating the system of equations, the point of reattachment
behaves as a saddle-point singularity for the system of
equations describing the flow. For slightly different ZR values,
which, of course, correspond to different inviscid flowfields,
the dividing streamline velocity would either decrease to
negative values during recompression, before the point of
reattachment on the centerline of the wake is reached, or
eventually break away from the trend of continuous reduction
and start to increase. In the actual calculation, since the
establishment of the inviscid flowfield is time consuming, the
value of ZR was kept fixed, and the saddle-point behavior is
observed from the fact that slightly different initial boundary-
layer thicknesses before mixing would lead to widely different
results toward the end of recompression. Figure 4 shows a
typcial set of results of calculations showing the different
trends of the normalized dividing streamline velocity, <£</. To
keep the computational effort within a reasonable level, one
must attempt to reach the point of reattachment through
extrapolation at the end of recompression when the initial
boundary-layer thicknesses of two divergent trends are within
a small margin.

Redevelopment of Flow
At the point of reattachment, the velocity profile has the

shape of </> = 3 f 2 — 2f5 according to Eq. (4a). It is now
assumed that throughout the region of redevelopment, the
velocity has the profile

-2?) (8)

where </>M, is the centerline wake velocity and f= r/5e. de is the
thickness of the viscous layer within the region of redevelop-
ment.

The continuity equation and the equation of motion under
the boundary-layer formulation are

d(pur) d(pvr)
dz dr

d(pu2r) d(puvr) _ dp d ( r r )
~ rdz dr dr

(9a)

(9b)

Upon integrating across the viscous layer, Eqs. (9) readily
yield

dz
(lOa)

~T~dz ~dz

^(1-2(1-01)1,)] (10b)

where

1 0fdf _ r ' » ( / - » ) i
}o I-C2

e<f>2

o (1 —

d-C2
e<t>2)

(ii)

&e is the streamline angle at the edge of the shear layer and all
integrals, // through 76, are only functions of Ce and 0W. It is
to be noted that this integral analysis is equally valid for
laminar or turbulent flows since the shear stress vanishes at
both limits of integration. Indeed, the far-wake condition of

d e ( l - < j ) w ) l / 2 = const (12)

is satisfied by either laminar or turbulent flow. It may be
shown that the system of equations given by Eqs. (10) with the
assumed velocity profile is compatible with this condition.

It has been learned from this approach of the problem that
the fully developed flow condition also presents itself as a
saddle-point singularity of the system of equations describing
the flow. For a fixed ZR but with slightly different <5*sy values,
the redevelopment flow after the reattachment (after the point
of reattachment has been obtained from extrapolation) will
lead either to positive and ever increasingly large dde/dz or to
a smaller and eventually negative dde/dz value. Negative
dde/dz also invariably leads to negative d(/>w/dz, resulting in a
reduction of wake centerline velocity. An example illustrating
this phenomenon is shown in Fig. 5. Both of these behaviors
are physically unrealistic and the correct value of <5Jsy lies in
between. This, of course, is the typical behavior of a saddle
point.

It is now worthwhile to note that with ZR and <5*sy as the
characteristic parameters needed to establish the correspond-
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Fig. 4 Saddle-point behavior or recompression process.
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Fig. 5 Saddle-point behavior of redevelopment process.

ing inviscid flow, two saddle-point singularities provide two
discriminating criteria for the determination of their correct
values under the given flow conditions. However, two saddle
points in sequence are mathematically "unstable," especially
when the first saddle point can only be determined from
extrapolation. Numerical consistency for systems of nonlinear
ordinary differential equations cannot be achieved easily. For
the present problem, the numerical error generated from the
finite difference computation of the potential equation may
also have important influences on this phase of the com-
putations. Fortunately, an analysis of the asymptotic wake
flow would relate 6Jsy to the total drag experienced by the
projectile, and the integration against two-saddle-point
singularities in sequence is conveniently avoided.

Asymptotic Wake Flow Condition
It is stipulated that under the asymptotic far-wake flow

situation, the approaching freestream external flow condition
is restored. The velocity profile within the wake still obeys Eq.
(8), but with (1-0M >) as a small quantity, so that higher
orders of this quantity can be ignored. According to the
definition of the displacement thickness given by

03)

and the drag-momentum relationship for the far-wake flow
given by

(14)
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Fig. 6 Pressure distribution realized from detailed evaluations.

where Dt is the total drag experienced by the projectile, it may
be shown from Eqs. (13) and (14) that

Sa*sy\ \CDt l + Cj,r>

Rn ) V 2 1 - CiJ
(15)

where

°°

The total drag Dt is the sum of the form drag, skin friction
drag on the forebody,and the base drag on the base.

Method of Calculations and Results
With the introduction of the relationship given by Eq. (15),

calculation procedures become greatly simplified. For a given
freestream Mach number Mx, a pair of values of ZR/D and
d*sy/R0 is selected. The potential flow solution for this
geometric configuration is established subsequently. After the
turbulent jet mixing process behind the base has been
analyzed, the total drag coefficient can be evaluated, and
5*sy/R0 is immediately adjusted according to Eq. (15). Since
the effect of <5*sy//?0 on the total drag is minor, the correct
value of d*sy/R0 can be determined usually within three
iterations. Once this condition is satisfied, viscous recom-
pression can be determined by integrating the system of Eq.
(5). The dimensionless dividing streamline velocity will either
be reduced to a negative value before the centerline is reached
or will break away from the continuous pattern of reduction
and start to increase—the saddle-point behavior. This
phenomenon demands the adjustment of the zR/D value
accordingly. Once this adjustment is within a small margin
(AzK/D<0.0025 for the present series of calculations), the
solution is reached even if the detailed wake flow pattern has
not yet been satisfactorily established. It is entirely possible to
continue these detailed calculations including the
redevelopment after reattachment. Early results obtained
from such efforts27 are shown in Figs. 6 and 7 where the
realized pressure field, the reproduced equivalent body, and
the path of the dividing streamline are shown. The reproduced
equivalent body was obtained by adding the displacement
thickness of the viscous layer above the dividing streamline
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onto the path of the dividing streamline. However, all of these
calculations are not necessary if only the information on base
and total drag is desired. Calculations have been carried out
for all of the transonic Mach numbers where wind tunnel
pressure data on this projectile are available.28 The unit
Reynolds number employed was also compatible with the
wind tunnel test condition (Rey/ft = 4x 106). Figure 8 shows
the pressure distribution on the equivalent body along with
the experimental data on the forebody. The corresponding

Moo-0.9, ZR/D=9.5, 8£/R

o Reproduced Equi. Body

4 I 5 6-t̂ t

Point of Reat. 7^_J
Ro

Fig. 7 Dividing streamline, viscous wake, and reproduced equivalent
body.

average base pressure coefficient and the base pressure ratio
are also labeled in the figures. Under some subsonic Mach
number conditions, the agreement of pressure with the data
on the cylinder is less desirable although it has no influence on
the forebody form drag evaluation. The base pressure ratio
obtained from this study is shown in Fig. 9. Various drag
coefficients and the total drag coefficient for the transonic
Mach numbers are presented in Fig. 10.

Discussion
It should be noted that the method developed for this study

should also be applicable for smaller freestream subsonic
Mach number flows, including the incompressible flow
condition and also for larger supersonic freestream Mach
numbers. Computations of these cases have been carried out
and the results are also reported in Figs. 9 and 10. Although
the correctness of the base pressure ratio for M00>1.3 is
doubtful since entropy increases from shocks may no longer
be negligible, previous results of pb/p00 =0.7625 at Mx = 1.5
on supersonic flow past an axisymmetric backward-facing
step20 with comparable initial boundary-layer thickness seems
to imply that these results are not completely unreasonable.
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Fig. 8 Pressure distribution on an equivalent body.
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Fig. 9 Average base pressure within the transonic regime.
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Fig. 10 Drag coefficients within transonic regime.

No computations have been carried out for the range of
0.98 <M00 < 1.08. In fact, additional underrelaxation has
been applied for the potential flow calculations at M& =0.98.
Also, the calculations for the potential flow have been
modified from the original scheme25 for the supersonic ap-
proaching flows. Although it appears from Figs. 9 and 10 that
base pressure results are more or less bracketed, the forebody
form drag may have a peak within the range of
0.98 < Mo, < 1.08. Also, it is by no means a simple matter to
carry out these calculations. At the least, additional un-
derrelaxation is needed to obtain a convergent solution for the
potential flow within this range of the Mach number. A
considerably greater amount of computer time is also needed
for these occasions.

It is obvious from this scheme of computations that the
overall pressure field is produced from the characteristic
parameters ZR and 6*sy. While 6*sy is directly related to the
total drag experienced by the body, ZR is determined from the
recompression of the free turbulent shear layer which is
nevertheless guided by the already established inviscid flow.
The flow mechanisms of viscid and inviscid flows are so
interwoven that they all play important roles in the
establishment of the solution. With an integral analysis of the
viscous flows, the important flow features are brought forth
clearly so that influences of different flow components and
flow mechanisms can be easily identified and appreciated.

For the analysis of turbulent jet mixing process, only the
empirical eddy diffusivity along the dividing streamline needs
to be specified. In addition, the eddy diffusivity for the
subsequent recompression process is also estimated on a
similar basis. It is well known that the expression given by Eq.
(2b) is valid only for constant-pressure fully developed tur-

bulent mixing flows. In fact, the value of a is 12 for in-
compressible flow, and its value tends to increase slightly with
the Mach number. Perhaps more accurate evaluation of this
mxing process can be obained from the two-equation tur-
bulence modeling. It is believed, however, that the present
simplified scheme will yield a fairly reasonable estimation of
this process of turbulent transport. A more precise estimation
can be included into the analysis in the future if it is proved
necessary.

The computing time required for a complete calculation of
the case of Mx =0.9 is around 5 min on the Cyber 175
computer system. The required memory space in 21K for the
computing program and 7IK for its execution.

Extension to Flows with Small Angles of Incidence
The study carried out thus far is for axisymmetric con-

figurations; thereby the flow must be at the condition of zero
angle of attack.

When the angle of attack is not zero, the flow problems
become three-dimensional. Even under the situation of a
small aiigle of attack, the flow conditioii is so complicated
that an accurate study can be based only on large-scale three-
dimensional computations. Since the present analysis was
based on an equivalent body concept, one may assume that
the effect of the small angle of attack to the viscous flow
processes is small under this situation. Essentially, it is to
stipulate that the angle of attack will exert its influence only
on the equivalent inviscid body which is already established
for the case of zero angle of attack. It is Hoped that an inviscid
study of the flow past this equivalent body30 under a small
angle of incidence would yield a crude estimation of the base
pressure for these flow conditions. The merit of such a
speculation can be evaluated only when experimental data of
this nature become abundantly available.
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